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1. OSCILLATION AND INTERLACING PROPERTIES 
Periodic analogues of the spectral and oscillatory properties exhibited by 
the classical Sturm-Liouville eigenvalue problem are developed in Lee [3]. 
These analogues hold for an extensive class of eigenvalue problems, not 
necessarily self-adjoint; however, attention here is focused primarily on the 
self-adjoint case because of its manifest importance. In the final section of 
this paper, results for the non-self-adjoint case are discussed. The notation 
used here is that of Lee [3]. Specifically, let 
be 2rr-periodic, real functions such that am is of continuity class 0-j and 
forj = I,..., r. Define 
Dj = D + yJ, 
Di* = -D f yJ, 
Do = D,,” = I 
where D = dldx and j = l,..., r. Then the self-adjoint 2rth-order differential 
form 
Mzru = Dl* ... D,*D, ‘.. D,u 
together with the self-adjoint, periodic boundary conditions 
Pzl. : u’j’(0) = zP’(2%-), j = o,..., 2Y - 1, 
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determine a self-adjoint eigenvalue problem 
(a) 
with the following properties (see Lee [S]): The eigenvalue problem 9 has an 
infinite sequence of real eigenvalues A, , A, , h, ,... such that (repeated to 
multiplicity) 
0 < A, < A, < A, < A, < A, .-* . 
Moreover, if +0, $I , & ,... are eigenfunctions belonging, respectively, to 
A, , A, , A, ,..., then 
[a) 4, maintains a fixed sign on [0, 27r); 
(b) 6PE--I and (b2E, l = 1, Z..., each have exactly 21 nodal zeros in 
[O, 27~) and no other zeros on [0,2n); 
(c) the nodes of $gl--l and $pI strictly interlace. 
Similar results hold for the odd-periodic eigenvalue problem: 
where Wpzr are the odd-periodic boundary conditions 
O.Yp). : zP’(0) = -E(j)(27r), 
for i = 0, l,..., 2r - 1. More explicitly, the methods of analysis used in 
Karlin and Lee [2] and Lee [3] to study the periodic eigenvalue problem may 
be modified in a straightforward manner to establish the following for the 
odd-periodic eigenvalue problem 89 : The eigenvalue problem 0.9’ has an 
infinite sequence of real eigenvalues x, , A, , A, ,... such that 
0 <A, <x, <A, &i* < *.*, 
Moreover, if & , &, & ,... 
x1 , A, , A, ,..., then 
are eigenfunctions belonging, respectively, to 
(6) r&--1 and &, 1 = 1, 2 ,..., each have exactly 21- 1 nodes in 
[0,27c) and no other zeros on [0, 24, 
(E) the nodes of &-, and r&,21 strictly interlace. 
There is a close connection between the periodic and odd-periodic eigen- 
value problems discussed above: 
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THEOREM 1.1. Let 
be the eigenvalues of the periodic eigenvalue problem 9 and let 
0 <A, <A, <I, ,(A, < . . . . 
be the eigenvalues of the odd-periodic ekenvalue problem 09. Then 
O<h,<j;,~Xp<h3~h~<Xsdr;4<..‘. 
Moreover, the natural (smooth periodic) extensions of the eigenfunctions for .9 
and 09 to the interval [0, 4~) are the eigenfunctions for the periodic eigenvalue 
problem on [0,4x). 
Proof. Each eigenfunction 4 of the periodic eigenvalue problem 9 may 
be extended periodically (with period 2rr) to an eigenfunction of the periodic 
eigenvalue problem 
‘M2,.iz 
I 
= Ati, 
ik.9& (9) 
where a = a(x), 0 < x < 4z-, and .@ar are the associated periodic boundary 
conditions 
&, : W(0) = zP’(4?T), j = O,..., 2r - 1. 
Likewise, each eigenfunction 6 of the odd-periodic problem W may be 
extended to an eigenfunction of @. Namely, extend4 to t$ defined on [0,47r] by 
1 
Thus, extended C$ is of continuity class Czr and satisfies 8. Now the periodic 
eigenvalue problem .G@ on [0,&l possesses an infinite sequence of eigenvalues 
such that the eigenfunctions belonging to &-1 and AZ1 have precisely 21 nodes 
and no other zeros in [0, 4~r). By the manner in which the functions (b and 4 
were extended, the extensions of&-r and &.c ,I = 1,2 ,..., both have precisely 
41 nodes in [0, 47r) while those of &, and & both have 41- 2 nodes in 
[0,4rr). Also, Co maintains a fixed sign on [0, 4~). It is evident from these facts 
and the properties of the periodic eigenvalue problem @ cited above that the 
INTERLACING OF EIGENVALUES 397 
extensions of the eigenfunctions of 9 and 09 constitute the totality of eigen- 
functions of @ and that 
Consequently, 
0 < A, < x, < x, -==I h, d h, < .*., 
and the theorem is proved. 
The osciIlation and interlacing properties discussed above extend known. 
results for the 2nd-order case (r = I)-see Coddington and Levinson 
[l, p. 214, Theorem 3.11 and references therein. The treatment in [l] is 
completely different from that given here. The point of view here brings 
into better perspective the relationship between the eigenvalue problems 
B and 09. 
2. GENERALIZATIONS 
Consider the not necessarily self-adjoint differential form 
L, = E,E,-, .‘I El, 
where Ei is either a Dj or a Die. Associate with this differential form either the 
periodic boundary conditions 
8, : tP(O) = .(j)(27T), j = o,..., r - 1, 
or the odd-periodic boundary conditions 
OPr : zP’(0) = -2Py24, j = 0 )..., r - 1. 
Suppose that the eigenvalue probIems determined by (Lr , P,.) and [LT , O.YT) 
have only real eigenvalues (and hence real eigenfunctions and generalized 
eigenfunctions), then the oscillation results stated above hold if (Ma, , -9%) 
and (IL&, , SPl,,) are replaced, respectively, by (L,r , P,,.) and [L, , 6’Pr). The 
proofs are the same as in the self-adjoint case. 
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